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By S. Katzoff and Robert S, Finn

STUMMARY

An analysla of the lrregulasr vertical displecement
of the wake from the tralling edge of & tallless alrplane
1e presented, which shows the exlstence of an effectlve
aerodynamic wing twist that causes an induced drag coef-
ficlent of 0.0004. The analysiz expvlains mcst of the
discrepancy between the drag determined from the momentum
surveys and the drag measured on the wind-tunnel balance.

INTRODUCTION

In & study of a talllesas alrplane in the NACA full=-
scale tunnel, the drag coefficlent determined from a
complete wake survey behind the alrplane was found to be
D.0007 less than that determlined from the balance read-
ings, although the 1lift coefficlent, «0.02, was so small
that the corresponding induced drag coefflclent was quite
negligible and the wlng presumebly had no aerodynemic
twist, Investigatlon of the wake surveys showed, how-
ever, that regions of conslderable downwash and upwash
existed at certain spanwise positions, as indlcated by
the fact that the wake at these positions was conslderably
dlsplaced above or below the level of the tralling edge.
It was assumed, from thls irregularity, that some aero-
dynamic twist exlsted iri'the wlng, elther in the structure
1tself or as a result of unsymmetrical surface roughnesses
leading to differences in the boundary layer on the two
surfaces., Analysis of the surveys showed that the in-
duced drag arising from this irregularity was of the right
order to account for the observed dlscrepancy. The
enalyels is briefly summarlzed hereln.



WAKE ANALYSIS,

Theor%.- If, for simplificatlion, the alr denslity and
the free-stream veloclty are assumed to be unity, the
induced drag (kinetic energy per unit length of trailing
vortex sheet) is given by the following equation (refer-
ence 1), evaluated in a plane perpendicular to the wind

direction:

D1=-%/¢%gds

c

where :
Dy induced drag
g4 velocity potential on trailing vortex sheet
n outward normal from tralling vortex sheet
8 distance along surface of vortex sheet

and the Integral 1ls taken completely around the sheet.
The corresponding induced drag coefflclient 1s

D
GD1=;;=-%¢Z‘¢%§dS

where 8 1s the wing area. For purposes of calculation,
it may be assumed that the wake ls essentlally plane, so
that 8 may be taken as the spanwlse distance and n may
be taken as the vertlcal dlstance.

The value of dF/dn, essentially the vertical ve-
locity of the wake, 1s assumed to be glven by the vertical
displacement of the wake divlided by the longltudinal
distance of the survey point from the tralling edge. In
order to evaluate @, the stream function V at every
point 1s first obtalned by integrating the normal component
of the velocity og/dn:

8
wor = [ Lo
. o
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The function (s) 18 now transformed to ¥(6) by the
change of varidble

-— e -

B = % (1 -~ cos 8)

where b 1s the span and 8 makes the complete circult
of the wake as @ goes from O to 2. If ¥ 1s now
obtalned in the form of a Fourler series in 0, the
veloclty potential @ will be given 1mmed1ately as the
conjugate Fourier serles (reference 2), The 1induced
dreg coefficlent 1s then obtalnable directly by in-

tegrating the product ¢%§ around the wake.

The symmetry of the functions %g, Y, and & may

be noted:s Both OF/3n and ¢ have the same numerical
values, wlth opposlte sign, at corresponding points
above and below the wake; and V 1s the same, with re-
gerd to both numericel value and gsign, at corresponding
polnts,

Procedure.~ A spanwlse plot of the vertical locatlon
of the wake center 1s shown Jn figure 1,. together with
the locatlon of the trailing edge ahead of 1%. From the
displacement and the longlitudinal dlstance from the
trailing edge to the plane of the surveys (about 0.25
chord), %?bn was obtained (fig. 2). Numerical in-
tegration of dg/dn eacross the span, starting at the
left edge, gave VY, which is shown plotted egainat ©
in figure 3. Since V¥ 1s symmetrical with respect to
6 = v (corresponding to the right edge of the wake),
only half of the curve 1s shown. The Fourier analysis
of ¥ and the synthesis of @ from the conjugate Fourler
series were done with the ald of Runge's computation forms
(reference 3). The velocity potential g plotted
against s 1is shown in figure 4, and the product

¢%g plotted against 8 1s shown in figure 5. The area

of the product curve borresponds to a drag coefflclent
Of O. 0004. N

The only difficulty 1n this procedure resulted from
the fact that an exact value was ..ot avallable for the
vertlical location of the survey mechanism relative to
the vertlcal location of the wlng; that l1s, the relative



vertical locatlons of the two .curvea of figure 1 were not
accurately known. A simple criterion exlsts, however,
for correcting the inaccuracy; namely, the lntegral of

across the span must correspond to the observed 1lift
coefflcient.

b
4
CL =138 }p g4 as

Yo

Furthermore the criterion and correctlon are easlly ap-
plied, because the effects nf & miform vertical dis-
placement on the values of &F/dn, ¥, and g at every
polnt are additive. Tn the present lnctance a dlsplace=-
ment of only 0.2 inch from the originally assvmed posi-
tlon was requlre:r to obtaln agreement with the observed
11ft coefflcient.

DISCUSESION.

The value derlived for the induced drag coefficient
1s somewhat less than the value of 00,0007 sought; the
two values differ, however, by llttle more tran the ex-
perimental error in the tunnel moasurements. The
analysls accounts, then, for most of the dlscrepancy
between the drag ccefficlents obt - ined from the balance
measurements and from the momentum surveys.

Certaln essentlial inaccuraclies are present in the
analysis, An obvions lack of rigor sxlsts 1n the
initial assumptlona that the downwash angle 1s uniform
between the trallling edge and the statlon of measurement
and that it l1sg equal, in thls region, to 1ts theoretilcal
ultimate value. Some further lnaccuracy results from
the assumption thet the wake origin is at the tralling
edge because, 1f the boundary layers on the upper and
lower wing surfaces are not equally thick, the wake
orlgin will be dlsplaced toward the thicker onse. Ac~
cordingly the weke displacement, as obtalned from fig-
ure 1, may be In error at any point by 0.2 or 0.3 inch.
The corresponding increese in the calculated induced
drag would be reletively small. In any case, the small
sherp 1lrregularities of the 3f/dn curve, some of which
nay have been due to such error in locating the wake
origin, were largely washed out in the 24-point method
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used for the Fourler analysis, so that most of the small
indvced drag assocliated-with such irregularities was
not esctually Included in the answer,

Pilgure 6 shows the spanwlse angle-of-attack dlstri-
bution corresponding to the valuss of 4 and dy/on:

°z=%¢=Q-1(G+'5‘?5"§%g)

or
o = 208 _ E7.7 %g
¢ 2 n
where
a effectlve geometrlc angle of attack, degraees
c local chord
cy sectlon 11t coeffliclent

and the two-~dlimensional slonc of the 1lift curve for the
sectlinou 1s taken as 0.1 per degree.

The high angle of attack at the center of the wing
probably results from the presence of the unsymmetrical
bulge that constituted the fuselage. The pronounced
twlst of the right wing seems too large to be due to
normal inaccuracles in the construction, although it
might have resulted from excesslve warplng of the wooden
forms after construction. It is &lso poasible that,
where the boundary layer on the upper surface has, owing
to local surrace condlitions, a dlfferent thickness from
the boundary layer on the lower surface, there willl be
8 change 1n the effective lncidence. Some evidence of
such dlissymmetry was given by the surveys themselves,
which showed large and irregular spanwlse variations of
section drap coefficient; 1t is reasonable to suppose
that the roughness causling such varlations would not,
at every section, be equally distilbuted on the upper
and lower surfaces,

Inspection of the wake surveys taken behind two
other wings of more rigid construction falled to show
pronounced lrregularitlies In ths vertical locatlon of
the wake; 1+ 1s posslible that the effect dliscussed hereiln



i8 not a common one. It may be well, however, when wake
surveys are made, to plot the vertical location, as in
figure 1, before assuming that the momentum measurements
should check the force tests,

CONCLUSIONS

Analysls of the irregular vertical dlsplacement of
the wake from the tralling edge of a tallless eirplane
showed that the induced drag due to wing lrregularitles
contributed 0.0004 to the drag coefflclent. The analysls
explalned most of the dlscrepancy between the drag deter=-
mined from the momentum surveys and the drag measured on
the wind-tunnel balance.

Langley MNemorial Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Fleld, Va., January 1, 1944.
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